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Slender-Body Potential Flow between Closely Spaced Walls

Allen Plotkin*
University of Maryland, College Park, Md.

The problem under consideration is the unsteady potential Flow of a slender body translating parallel (o its
long axis between closely spaced (separation of the order of the slenderness paramcter) walls, The ohjective is to
obtain anulytically the unsteady contribution to (he flowfield and pressure distribution due to streamwise
variation in the wall separation. The solution alse applics (o a slender ship moving in variable-depth shallow
walter 4t zero Froude number, The method of matched asymptotic expansions is used to take advantage of the
simplifiedd governing cquations in the near and far fields, The svlution is given to second order lor arbitrarily

small deviation from a meun separation,

I. Introduction

HE presence of closely spaced boundaries can alter

significantly the flowfield generated by a slender body
moving in an ideal fluid. As an example, consider the
potential flow of a slender body, symmetrically placed be-
tween parailel plane walls, translating parallel to its long axis.
Tuck' analyzed this flow using the method of matched
asymptotic expansions., (A slender ship translating in shallow
water was considered and, mathematically, the situation is
identical to the foregoing one for zere Froude number.) Lt was
shown that the pressure acling on the bedy is an order of
magnitude larger in the presence of the walls, and the flow far
from the body is construined to be two dimensional.
Significant departure from the infinite-fluid solution also was
found by Newman® in his treatment of the lateral flow past a
slender body between parallel plane walls,

The flow is steady in the problems of Tuck and Newman
when body-fixed coordinates are used. Plolkin®® has ex-
tended the analysis of Tuck! to include the unsicady flow
generated by a slender ship translating over a wavy bottom in
shallow water. These studies have as their aerodynamic
counterpart the translation of a slender body symmetrically
placed between wavy walls whose amplitude is small com-
pared to wall separation. In Ref. 3, the wall wavelength is of
the order of the body iength, [n Ref. 4, the wavelength of the
wall is taken to be O(c™), where ¢ is the slenderness
parameter, and the presence of dual characteristic lengths in
the direction of motion ied to the use of the method of
multiple scales,® Plotkin® also has considered the unsteady
shallow-water flow of a slender ship translating past an ar-
bitrarily slowly varying bottom.

In this paper, the solution techniques developed by Tuck
and Plotkin are used to obtain analytically the unsteady
contribution to the potential flow generated by a slender body
translating berween closely spaced walls whose separation
varies in the direction of motion, The variable component of
the wall separalion has small amplitude, a longitudinal length
scale that is comparable to the body length, and is otherwise
arbitrary. This work is also an extension to arbitrary bottom
topography of the shallow-water solution of Plotkin® for the
case of zero Froude number,

. Problem Formulation

Consider a slender body of length 2f translating parallel 1o
its long axis with constant speed ¢ as shown in Fig. 1. The
body is symmetrically located berween two closely spaced
walls whose separation varies only in the directicn of motion.
A body-fixed Cartesian coordinate system is introduced with
its origin at the center of the body axis; and the x y plane, with
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X opposite to the dircction of motion, is taken as a plang of
Symmetry.

The body surface is given by y=¢f(x,z} in the moving
system where « is a measure of the ratio of the transverse body
dimensions to the body length 2¢ which is O(1}. The speed Lf
also is taken 10 be €(1). Gauge functions are displayed ex-
plicitly so that all the variables in the paper are O(1) unless
otherwise stated. The walls are described by 7= + ek (x— U1).
(Since the walls are stationary in a space-fixed frame, their
description is a function of x— Ur in the moving frame), Since
£=01s a plane of flow symmetry, it is sufficient 1o study the
flowintheregion0=z=<ch.

For incompressible irrotational flow the velocity s
represented as the positive gradient of a velocity potential
¢ (x,y.z,1) which satisfies Laplace’s equation. Kinemalic
boundary condilions must be satisficd on the wall and body
and a symmetry condition applies at z=0. The complete
system of equations is

Dev T & .. =0 in fluid domain (1)
eUfi+edfi+ed f—0, =0 on y=ef (2}
e A —d. =0 on z=«¢h 3)
P.=0 on =0 (4

Since ¢ is an appropriate scale in the z direction, the
coordinate Z=z/¢ will be used in the analysis, The method of
matched asymptotic expansions will be used to study the flow
in regions near to, and far from, the body.

III.  Analysis
The wall separation is
h=hy+eh, (x— Ut (5)

where #,, 15 a constant and the length scale associated with the
variation of #, is comparable to the body Iength,

A, Duter Expansion

The outer region, far from the body, is defined by the
following order of magnitude of the coordinates with respect
to body length

xy=00), z=01(¢) (6)

The velocity potential is expanded in an asymptotic series in e
of the form

e=rp' "N +etp! N pele N pelp g, M
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Substitution into Laplace’s equation [Eq. (1)] yields

L 2] (3} a4
brr=b2:=0, $,5=-Vi¢!, ¢5=-vip@ (8)

where the two-dimensional Laplacian is
vi=(8%/0x%) + (327 0v%) )

The wall and symmetry plane boundary conditions [Eqgs.
{3)and (4)] become

¢ =6 =05 =0, of=h, o{" on Z=h  (10)
and
o) =9 =4 =6k =0 on Z=0 (11)

Eq. (8} is integrated once with respect to Z and with the use of
Eqs. (10 and {11) we get

=t (x,0), oM =0 (xy1) {12a)

Vipth=0 vi¢= —h;_“ﬁ;{c“/hu (12b}
Eq. {12 is solved formally by Green’s function (source)
distributions to yield

¢,m=§ AED Glx—gy)dE (13)
and

6D = E _m”w (£1) Gix—§,0ds

7 s uneg

X(&m 0y~ G (x— £,y —n)dEdy (14}

where
Gix,y}=(27) ~log(x? +y%) 1 (15)

and the source strengths p'® (x, 1) and 4@ (x, 1) are as vet
unknown,

It is noted that the differential equations for ¢‘0 and ¢®
contain the two-dimensional Laplace operator. Time
essentially appears as a parameter so that no difficulty is
involved in considering an arbitrary description for #,. In the
corresponding shallow-water problems in Plotkin?®* the free-
surface boundary condition leads to differential equations
containing the two-dimensional wave operator which includes
time derivatives, This led to a consideration of problems that
were harmonic in their time dependence.

B. Inner Expansion

The inner region, near the body, is defined by the following
orders of magnitude of the coordinates with respect to the
body length

x=0{1), »z=0(¢) (16)

The velocity potential is expanded in an asympiotic series in ¢
of the form

¢=e@t 4@ ey an

Introduction of the inner variable Y=y/¢ and substitution
inta Laplace’s equation vields

b+ o=+ =0, &lrell=—0l) (18)

J.HYDRONAUTICS

OnZ=0,weget
SN =@ =95 =0 {19)

On the body, Y=/, conventional slender-body theory gives
the condition

o' =0, P =Uf(I+f3) %,
B = T4 SD) 20)

where & is the normal in the crossflow plane expressed in
inner variables. The wall condition, Eq. (3), is satisfied and
the resulting equations are expanded about the mean wall
position, Z=#h,, (0 give

¥y =2=0, ¥ =3k (21}

¢ satisfies Laplace’s equation in the crossflow plane with
zero normal derivatives on all boundaries. Therefore

fI‘-’”’:‘i’[”{x,t‘) (22)
and is arbitrary. € '°! can be written as
PN = )+ B (Y, Zix) 23)

where @12 s arbitrary. &'%' satisfies a two-dimensional
Neumann problem with a nenzero boundary condition on the
body. A suitable boundary condition at infinity is

P20y ¥ +ofl) as |¥i—o (24)
where u is determinable from conservation of mass (the flux
fromthe body is U5’ (x) ) as

u="US'(x}/4h, (25)

and ¢’S{x) is the body cross-sectional area. ®'*' can be
written as

G in (x,1) +¢,J{rf}¢,{22}
@Y, Zox ) —Y R D 7240 B0 (3, Zix,1) 26)

where ® ' is arbitrary. The second term satisfies the
homogeneous differential equation and homogeneous
boundary conditions on Z=0 and %, and the body boundary
condition for &7, &Y sarisfies the homogeneous dif-
ferential equation and homogeneous boundary conditions on
Z=0and ¥=f with a nonzero wall condition from Eq. (21).
The wall flux is

" egnar={" negar=2u,
and therefore, for 1Yl —oo

N p ) LY 4o(D) 27
with
v=uh;/h;; (28)

The fourth term satisfies the Poisson equation [Eq. (18)],
homogeneous boundary conditions on Z=0 and k,, and also
contributes — Y& ¥4 (I +/2) ~* to the normal derivative on
the body, &% is introduced to correct this and satisfies the
homogeneous differential equation and homogeneous
boundary conditions on Z=0and k,, and

P =YOU I+ L) on Y=f (29
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This introduces the flux & £S(x) /2 from the body and leads
to

U w(n,} 1Y +o(l) as |Yi—a (30)
with

w=¢;;’S(x) J4hy 31

(It is noted that the constant-separation selution of Tuck! is
in error since & %! is not included in the expression for &17,
The expression for force is not affected.)

Matching the three-term inner expansion of the two-term
outer expansion with the two-term outer expansion of the
three-term inner expansion {(see Van Dyke”) vields

=0 (y=0) (32a)
@ =gt (y=0) (32b)
pli=2u (32¢)
B =2[ud) + v+ w) (32d)

The velocity potential in the inner region, to Q{e?), can
then be written

¢=[e¢“=(x,o;+f[(4«!:0)-*5 [US’ (5104 (£,0)

+S(E el (£,0)]loglx—£] dE+¢ 12 ¢ Y,Z;X)]]

=

EE[U{‘#whﬁ} ..;S - UDST(8) log lx—£1dE

ey N T n —une (g

Xtog[ (x=£)? +77] “dgdn] (33)

where

& (x,y) = Ul4xhg) "S S’ () log[{(x—a)?+¥?] “du
(34)
The first term, in braces, is the inner expansion of the con-

stant-separation {h=h,) solution and will be denoted by
&' (x Y Z).

C. Pressure Distribution in Inner Region
The pressure is given by the Bernoulli equation as

p=—plo,+Ud,+ (63 +92+¢]) /2] (3%)

Using Eq. (33} the pressure is seen to be
p=p'? —p({8/80) +U(8/3x) | (¢ —®'") (36)

where p'? is the pressure distribution, to O(e¢?), for constant
separation (A=hg), and the second term, of O(e?), is the
unsteady contribution due to the separation variation.

1¥, Discussion and Results
The lowest-order unsteady contribution to the velocity
potential due to rather general streamwise variation in wall
separation has been obtained analytically. The results appear
in Egs. (33 and 34). To this order the velocity potential and
therefore the pressure due to this contribution are functions

i
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only of the streamwise coordinate x and time . The geometry
of the bady appears only through the cross-sectional area
$(x). The magnitude of the unsteady part of the velocity
potentialis O(e?).

The complete solution to the probiem is the sum of the
unsteady contribution and the constant-separation solution
¢ 9. $ " consists of two parts: an interaction part whichis a
function of x only and in which the cross-sectional area ap-
pears inside of the Green's function integrals, and a local
part, ¢ *??, which varies in the crossflow plane.

The unsteady contribution to the flowfield depends on the
streamwise derivative of the first-order constant-separation
velocity potential

[ = S d
el (x,0) = Ue(4mhg) -f! (a} 2 (37
Also, the pressure, to O(e), is
p=—pUed{ (x,0) (38)

Consider a symmetric body of revolution with a parabolic
distribution in the symmetry plane. > The body description is

Y(Z=0)=f{x.0) =Y, (I1—-x?/) (39
and

Sx)=xYi(1-x?/8%)?

The first-order pressure is therefore

o xt 8 x x?
p:pUJY e(2hy) ;I‘f"‘-—-‘*?'l' 7 (I—f—z)

x/0+ 1
® log( Ty ) z:| (40)

Consider a wall with a symmetric parabolic bump with
length equal to the body length. At =0, the center of the
burnpis located at x = (. The wall separation is

—Ur
h=h, |x

f

h:ha[}—&(x_eur) I] JI_FUI ‘ <1 (41)

The unsteady pressure distribution is calculated numerically
from Eqs. (33) and (36) and is plotted in Fig. 2 for values of
Ut/fof 0, 0.5 and 1. Let the pressure in Eq. (36) be

|

p=p'" +elp N (x,0) 42)

M

Fig.1 Coordinate system.
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Fig. 2 Unsicady pressure distribution on a slender hody translating
belween walls containing a symmetric parabalic bump.
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Fig. 3 Unsteady lift and momenl acting on a ship with parabolic

watcerline passing vver a parabolic bump in shallow water.

Then for the symmetric body and bump in the example
pixn=p(—x -1 (43)

where ¢ <0 when the center of the body axis is upstream of the
center of the bump.

For the flow situation studied in this analysis, with the body
placed symmetrically between the walls, the only unsteady
force or moament which is nonzero is the drag force R, From
Tuck!, the unsteady drag force is given by

R=2'\ p!i(x) 8" (x)dx {44)

The solution obtained here also represents the variable-depth
shallow-watcr flow of a slender ship at zero Froude number.
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z=01s the rigid free surface and the body surface, for z<0 s
the wetted portion of the hull. An unsteady lifting force £ and
pilching moment M Lhen act on the ship in addition to the
wave drag R/2 where R is given in Eq. (44}. From Tuck!

v

L:2(-*\ _Ip‘” (x.1) flx,0)dx {452)
and

M= —2¢\ Lxp(x0) f(x0)d (45b)

¢

where L is positive in the positive 7 direction and M is positive
clockwise.

For a slender ship with the geometry of Eq. (39} passing
over a parabolic bump with the geometry of Eq. (413, the lift
and pitching moment are plotted vs time in Fig. 3. For the
symmetry in the example, il is noted that L and M are sym-
metric and antisymmetric in time, respectively. For this
example, the wave drag is related 1o the moment by

R/.2={'ﬂ' YOJM/FJ (46]

The unsteady vertical force acts downwards for all time in
this example and has a maximum value when the ship and
bump arc in a symmetrical configuration. The unsteady
moment and wave drag are seen 1o change sign a number of
times throuughout the course of the motion.
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