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Slender-Body Potential Flow between Closely Spaced Walls 

Allen Plotkin* 
University oJ Maryland, College Park, Md. 

The pmhlem under consideration is the unsteady potential f law uf s slendcr body translating paralltl IU its 
long axis between closely .;ptlccrl (separation uf the order uf the slenderness pnmrnctcr) w-ails. The objective is tu 
obtain analytical\> the nnsteadg cl~ntribution to Ihu flowfield and prcsuurt! distribulivn due tn streaniwise 
vuriatiun in tht wall separation. The roluliun also applics tu s slender ship rnming in variable-depth shallow 
watcr at zero Froudt number. The method ~ r f  matched mymptutic evpansions is w e d  tu take ndvanhge of  the 
simpliCicvl governing vquations in Ihe near and far fields. Thc. sulution in given to wcrmd order lor arbitrarily 
small dcviatiun hum a mcnn separation. 

I .  Introduction 

T {IE presence of closely spaced boundaries can alter 
significantly the flowfield generated by a slender body 

moving in an ideal fluid. As a n  example, consider the 
potential flow of a slender body, symmetrically placed be- 
tween parallel plane walls, translating parallel to its Iong axis. 
Tuck1 analyzed this flow using the method of matched 
asyrnpto tic cxpatlsions. (A slender ship translating in shallow 
water was considered and,  mathematically, thc situation is 
identical 10 the foregoing one for zero Froude numbcr.) It was 
shown that the pressure acting on  the hody is an ordcr of 
magnitude larger in the presence of  thc walls, and the flow far 
from the body is constrained to bc two dimensional. 
Significant departure from the infinite-fluid solution also was 
found by Newman' in  his treatment of the lateral flow past a 
slendcr body between parallel plane walls. 

The fluw is steady in the problems of Tuck and Newman 
when body-fixed coordinates are used. P l ~ i k i n ! , ~  has ex- 
tended the analysis of ruck '  to include the unskady flow 
generated by a slendcr ship translating over a wavy bottom in 
shallnw water. These studies h a w  as their aerodynamic 
counterpart the translation of a slendcr bndy symmetrically 
placed between wavy walls whose amplitude i s  small com- 
pared tu wall separation. In Ref. 3, the wall wavelength is 01 
the order of the body length. In Ref. 4, the wavclength of the 
wall is taken to be O(E l'), whcre F i s  the slenderness 
parameter, and the preqence of dual characteristic lengths in 
the direction of motion led to the usc of the method of 
multiple scales.' Plotkin6 also has considered the unsteady 
shallow-water flow of a slender ship translating past a n  ar- 
bitrarily slowly varying bottom. 

In this paper, thc solution techniques developed by Tuck 
and Plotkin are  used to obtain analytically the unsteady 
contribution to the potential flow generated by a slender body 
translaring between closely spaced walls whose separation 
varies in the direction of motion. T h e  variable component of 
the wall separalion has small amplitude, a longitudinal lcngth 
scale that is comparablc to the body length, and is otherwise 
arbitrary. This work is also an extension to arbitrary bottom 
topography of the shallow-water solution of Plotkin' for the 
case of zero Froude number. 

11. Problem Formulation 
Consider a slcnder hody of length 28 translating parallel to 

its long axis with constant spccd U as shown in Fig. 1. The 
body i s  symmetrically located bctween two closely spaced 
walls whose separation varies only in the direction of motion. 
A body-fixed Cartesian coordinatc system i~ introduced with 
its origin at the center of thc body axis; and thexy plane, with 
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x opposite to the direction of  motion, is taken as a plane of 
symmetry. 

The body surface is given by y = ~ f  ( x , z }  in the moving 
system whcre r i s  a measure of the ratio of the transverse body 
dimensions to the body length 2P which is O(1). The speed U 
also is taken to bc O(1). Gauge functions are displayed ex- 
pliciily so that all thc variables in the paper are O(1) unless 
otherwise stated. The walls are described by z= + ~ h ( x -  & I t ) .  

(Since the walls are  ~tat ionary in a space-fixcd frame, their 
dcscription is a function of x -  Ut in the moving frame). Since 
r = O  is a plane of flow symmetry, it is sufficient lo study the 
flow in the region 0 5 2 5 t h .  

For incompressible irrotational tlow the velocity is 
represented as the positive gradient of a velocity poiential 
4 (x,y,z,t)  which satiqfies Laplace's equation. Kinernaiic 
boundary conditions muqt be satisricd on the wall and body 
and  a symmetry condition appIies ai  z = O .  Thc complete 
system of equations i s  

Since r is an appropriate scale in the z direction, the 
coordinate Z=z/f will be used in the analysis. The method of 
matched asymptotic expansions will be used to study thc flow 
in  regions near to, and far from, the bndy. 

111. Analysis 

T h e  wall separation is 

where h ,  i s  a constant and the length scale associated with the 
rariatioti of  h ,  is comparable to the body length. 

4 .  Outer Expanbiun 

The oiltcr reginn, far from thc body, i s  dcfined by the 
followirlg ordcr of magnitude of thc coordinates with respect 
tu body lengl h 

The velocity potential is expanded in a n  asymptotic series in 6 

of the form 
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Substitution into Laplace's equation [ Eq. ( I ) ]  yields 

where the two-dimensional Laplacian is 

The wall and symmetry plane boundary conditions [Eqs. 
(3) and (411 become 

and 

Eq. (8) is integrated once with respect to Z and with the use of 
Eqs. (10) and ( 1  1) we get 

Eq. (12 is solved formally by Green's function (source) 
distributions to yield 

and 

where 

and the source strengths p(2) ( x ,  t )  and (x, t)  are as yet 
unknown. 

It is noted that the differential equations for 4"' and bt2' 
contain the twodimensional Laplace operator. Time 
essentially appears as a parameter so that no difficulty is 
involved in considering an arbitrary description for h,. In the 
corresponding shallow-water problems in Plotkin3v4 the free- 
surface boundary condition leads to differential equations 
containing the two-dimensional wave operator which includes 
time derivatives. This led to a consideration of problems that 
were harmonic in their time dependence. 

B. Inner Expansion 

The inner region, near the body, is defined by the following 
orders of magnitude of the coordinates with respect to the 
body length 

x = O ( I ) ,  y , z = O ( r )  (16) 

The velocity potential is expanded in an asympto~ic series in ( 
of the form 

Introduction of the inner variable Y =y /c  and substitution 
into Laplace's equation yields 

On the body, Y=f, conventional slender-body theory gives 
the condition 

where N is the normal in the crossflow plane expressed in 
inner variables. The wall condition, Eq. (3), is satisfied and 
the resulting cquations are expanded about the mean wall 
position, Z = h,, to give 

@ 'I1 satisfies Laplace's equation in the crossflow plane with 
zero normal derivatives on all boundaries. Thercfore 

and is arbitrary. can be written as 

where 9 ("' is arbitrary. @ 1221 satisfies a two-dimensional 
Neumann problem with a nonzero boundary condition on the 
body. A suitable boundary condition at infinity is 

* ( " > - U ( X )  IYI + o ( l )  as I Y l - m  (24) 

where u is determinable from conservation of mass (the flux 
from the body is US' ( x )  ) as 

and c 2 S ( x )  is the body cross-sectional area. [ 3 1  can be 
written as 

where is arbitrary. The second term satisfies the 
homogeneous differential equation and homogeneous 
boundary conditions on Z =  0 and h,  and the body boundary 
condition for at.''. @ W' satisfies the homogeneous dif- 
ferential equation and homogeneous boundary conditions on 
Z =  0 and Y= f with a nonzero wall condition from Eq. (21). 
The wall flux is 

and therefore, for I YI -m 

with 

The fourth term satisfies the Poisson equation [Eq. (1811, 
homogeneous boundary conditions on Z =0 and ho, and also 
contributes - Y$ $ $ ( I  +f$) - to the normal derivative on 
the body. + ( 3 2 )  is introduced to correct this and satisfies the 
homogeneous differential equation and homogeneous 
bounddry conditions on Z = 0  and h,, and 
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This introduces the flux @g)S(x) /2 from the body and leads 
to 

with 

(It is noted that the constant-separation solution of Tuck ' is 
in error since 4~ '321 is not included in the expression for ' I .  

The expression for force is not affected.) 
Matching the three-term inner expansion of the two-term 

outer expansion with the two-term outer expansion of the 
three-term inner expansion (see Van ~y ke7) yields 

The velocity potential in the inner region, to 0 ( c 2 )  , can 
then be written 

where 

The first term, in braces, is the inner expansion of the con- 
stant-separation ( h  = h o )  solution and wit1 be denoted by 
* '" '(x,  Y , Z ) .  

C. Pressure Distribution i n  Inner R y i u n  

The pressure is given by the Bernoulli equation as 

Using Eq. (33) the pressure is seen to be 

where p ' " )  is the pressure distribution, to 0 ( t  j , for constant 
separation ( h =  h , ) ,  and the second term, of O(t2) ,  is the 
unsteady contribution due to the separation variation. 

only of the streamwise coordinate x and time r .  The geometry 
of the body appears only through the cross-sectional area 
S(x) .  The magnitude of the unsteady part of the velocity 
potential is 0 ( c  '). 

The complete solution to the probiem is the sum of the 
unsteady contribution and the constant-separation solution 
@ ( O 1 .  iP '" consists of two parts: an interaction part which is a 
function of x only and in which the cross-sectional area ap- 
pears inside of the Green's function integral?, and a local 
part, Q ' 2 2 ) ,  which varies in the crossflow plane. 

The unsteady contribution to the flowfield depends on the 
streamwise derivative of the first-order constant-separation 
velocity potential 

Also, the pressure, to O ( c ) ,  is 

Consider a symmetric body of revolution with a parabolic 
distribution in thesymmetry plane. 3.4 The body description is 

and 

The first-order pressure is therefore 

Consider a wall with a symmetric parabolic bump with 
length equal to the body length. At t =0, the center of the 
bump is located at  x = 0. The wall separation is 

The unsteady pressure distribution is calculated numerically 
from Eqs. (33) and (36) and is plotted in Fig. 2 for values of 
U ~ / f o f  0,0.5 and I .  Let the pressure in Eq. (36) be 

1V. Discussion and Results 
The lowest-order unsteady contribution to the velocity 

potential due to rather general streamwise variation in wall 
separation has been obtained analytically. The results appear 
in Eqs. (33 and 34). To this order the velocity potential and 
therefore the pressure due to this contribution are functions Pig. 1 Coordinate system. 
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Fig. 2 Ilnslwd) preswre distribution un a slender hndy lranblaling 
b e l w e n  walls containing u symmetric parahnlic hump. 

z = 0  is the rigid Free surface and the body surface, for z < O  is 
thc wctted portion of the hull. An unsteady lifting force L and 
pilching moment M lhen act on the ship in additiotl lo lhe 
wave drag R / 2  where H is given in Eq. (44). From Tuck1 

a n d  

whrrc L is positive i n  the positive :direction and Mis positivc 
clwkwisc. 

For a slender ship with the geometry of Eq. (39) passing 
over a parabolic bump with the geometry u f  Eq. (41), the lift 
and pirching moment are plotted vs time in Fig. 3. For the 
symmetry in the example. il is noted that 1, and M are sym- 
metric and antisymmetric in timc, respectively. For this 
euample, the wave drag is related lo lhc moment by 

- s d  I .-L - .- 
0 10 2 0  30 4 0  53 

U t i l  

Fig,. J I;nclr~rlj lift and murnunl acting on a ghip with parabolic 
aatcrline passi~rg urur s p~rabnl ic hump in SIIPJIOW walcr. 

Then for the symmetric boil? and  bump in the example 

where r < O  when the center of thc body axis i s  upstream of the 
center of the bump. 

For the flow situation studied in this analysis, with the body 
placed symmetrically bctwccn the walls, ihe only unsteady 
force or moment which is rlclnzero is the drag force R. From 
Tuck I, thc unsteady drag force is given by 

The solution obtained here also represents the variable-depth 
shallow-watcr flow of a slender ship at zero Fraude number. 

The unsteady vertical force act5 d m n w a r d s  for all timc in  
[his example and has a maximum value when the ship and 
bump arc in a symmelrical configuration. The unsteady 
moment add wavc drag are seen to change sign a number of 
times throuughout thc course o f  the motion. 
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